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Abstract

The Geometrician is a computer program that
solves geometric construction problems based
on a computer model of creativity known as
Engagement-Reflection. Our goal is to demon-
strate that this model can be employed in geome-
try problem-solving. This paper describes the gen-
eral characteristics of The Geometrician and illus-
trates some examples of problems solved by the
program. After testing our system we conclude
that The Geometrician is able to solve new prob-
lems demostrating that the Engagement-Reflection
approach to creativity can be applied to problem
solving.

1 Introduction

The Geometrician is a computer program that solves geomet-
ric construction problems, i.e. problems that are solved em-
ploying only a straightedge and a compass. So, given some
initial geometric objects (e.g. points, lines, circles and dis-
tances) the system builds new geometric objects that satisfy
some given requirements. In this way, the solution of a prob-
lem consists on a sequence of drawings. A typical exam-
ple of the kind of problems that The Geometrician solves is:
given a point A and a distance d, construct a point B such
that the distance between point A and point B is equal to
d. As far as we know, there are not other computer pro-
grams that perform a similar task (c.f. with programs that
perform geometry theorems demonstrations, e.g. [Tarski,
1951; Seidenberg, 1954; Collins, 1975; Gelernter, 1959;
1995; Gilmore, 1970; Nevins, 1975; McCharen et al., 1976;
Anderson, 1981; Coelho and Pereira, 1986; Koedinger and
Anderson, 1990; Wen-Tsiin, 1978; 1984; Chou et al., 1994;
1996])

The system is based on the Engagement-Reflection com-
puter model of creativity [Pérez y Pérez, 1999; Pérez y Pérez
and Sharples, 2001]. During the engagement-mode the sys-
tem produces material (sequences of actions to create geo-
metric objects) driven by the constraints imposed by the con-
text of the problem; as an important characteristic, during en-
gagement the system does not perform any kind of analysis or
evaluation on the material generated. During the reflection-
mode the system breaks impasses originated during engage-

ment, satisfies coherence-requirements, and evaluates the ad-
equacy of the solution produced so far. The outcomes of
the program are the consequence of the interaction between
engagement and reflection. The system represents problem-
stages as a structure formed by four lists: 1) a list of known
geometric objects; 2) a list of unknown geometric objects; 3)
a list of satisfied relations between geometric objects; 4) a
list of unsatisfied relations between geometric objects. These
four lists are referred to as the Context of the Problem (CP).
When the system performs an action the CP is modified (new
objects might be created or new relations established).

When The Geometrician starts it performs two main pro-
cesses: 1) the construction of knowledge structures in mem-
ory; 2) the solution of a problem through an engagement-
reflection cycle.

Construction of knowledge structures.

The user provides the system with a set of examples of how to
solve geometric problems known as the previous experience.
The system records the CP for each step in the solution of
each problem in the previous experience and creates a group
of knowledge structures in memory referred to as atoms.

Engagement-reflection cycle.

The system always starts in engagement. Given an initial
CP the system looks for atoms in memory containing similar
contexts in order to retrieve a possible next action to perform.
In this way, the engagement-reflection cycle is triggered.

The following sections describe details of these processes.
This paper is organised as follows: section 2 describes how
knowledge structures are created in the system; section 3 de-
scribes how the system solves a problem; section 4 shows ex-
amples of problems that The Geometrician solves; section 5
evaluates the program; and section 6 offers some conclusions.

2 Knowledge Representation

The program makes use of knowledge structures in order to
represent:

e geometric objects,

o relations between objects,

description of problem-stages,

actions that can be performed to solve a problem.



this section describes each of this structures and how they
are employed.

2.1 Geometric Objects Representation

The Geometrician works with four types of geometric ob-
jects: points, lines, circles and distances. A circle C' with
center in point A and a distance r as radius is represented as
follows:

circle C' (A, r)

i.e. we represent an object with a sentence that begins with
the type of the object (in this case a circle) followed by the
name of the object (in this case C), and inside parenthesis the
objects required for describing (and drawing) the object (in
this case objects A and r).

In order to represent a point situated on another object we
employ the same notation followed by the word on. For ex-
ample, a point P on circle K is represented by:

point P (K) on
In the same way we employ
point P (I, m) intersection.
to represent a point situated on the intersection of two geo-
metric objects [ and m.
2.2 Relations between Objects

In this paper we represent the relations with the usual math-
ematical notation. For example, two equal distances d and r
are represented by d = r.

2.3 Problem-stages Representation

The structure used to represent a problem-stage is called Con-
text of the Problem (CP) and consists of four lists:

o list of known geometric objects,

e list of unknown objects,

list of satisfied relations between objects, and
o list of unsatisfied relations between geometric objects.

The next structure represents the problem: Given the
point A and the distance d construct a point P such that
|AP| =d.

Known Objects Satisfied Relations
point A
distance d
Unknown Objects | Unsatisfied Relations
point P d=d
distance d'(A, P)

Each time an action is performed the CP is updated, i. e.
objects and relations might be added or eliminated in the four
lists. So, a problem is solved when the lists of unknown ob-
jects and unsatisfied relations are empty.

2.4 Actions

All actions in The Geometrician have associated a set of
consequences and preconditions. The system includes three
types of consequences:

1. drawing a geometric object
2. establishing relations between objects
3. relocating unknown objects to the list of known objects.

Preconditions are formed by all those geometric objects
needed to construct a new object. Therefore, in order to per-
form an action, all its preconditions must be part of the known
objects list in the CP. Notice that during Engagement the sys-
tem ignores preconditions; only during Reflection The Geo-
metrician verifies that they are satisfied.

Actions are represented by the name of the action and its
list of consequences:

Action i
List of consequences

For example, given the following CP:

Known Objects Satisfied Relations
point A

distance d

circle C

Unknown Objects
point P

distance (A, P)

Unsatisfied Relations
r=d

A possible action to solve this problem might be:

Action ii
point P(C) on
satisfies: P £ A, r =d
moves: r

where the first line in the description of consequences indi-
cates that the system must draw a point P on circle C; the sec-
ond line establishes the relations P # A and r = d; finally,
the third line indicates that the system moves the distance r
to the list of known objects.

2.5 Building knowledge structures in memory

The Geometrician builds its knowledge from a set of solved
problems given by the user of the system. We refer to this set
as previous experience.

To build its knowledge structures The Geometrician takes
the CP that represents the initial stage of a problem in the pre-
vious experiences. This CP is modified each time an action
is executed by the system. For example, let us assume that
the solution for a given problem is the sequence of actions
Ay, Ao, ..., A and Cy represents the initial CP. i.e. the de-
scription of the problem. After executing the first action, Cq
is modified by the consequences of the action A; and a new
context C; is created.

00+A1:>01

We can repeat this process for each action in the solution.



Co+A —=Ci1+A4;, — Cy+ A3 — ...
= Ck-1 + A = Ck

At the end we obtain a collection of contexts and logical
actions to perform. The Geometrician copies each of this con-
texts (Co, C1,C5, ..., Cy) and its following action to mem-
ory (see fig. 1). In this paper we refer to each context copied
to memory as an atom. So, knowledge structures are formed
by a set of atoms and their associated actions to perform

C() h— {Al}

Cl—>{A2} C2—>{A3}

Cr_g — {Akfl} Cr1 — {Ak}

Figure 1: The knowledge structures in memory are associ-
ations between atoms and sets of actions

3 Solving a problem

The system starts solving a problem once a CP, representing
the initial stage of the problem, is provided.

The number of actions produced during Engagement is de-
termined by a variable that can be modified by the user. With
a value of one in this variable, The Geometrician enters to the
Reflection-mode after each action is produced. In the other
hand, with a high value in this variable, the system produce
many actions before evaluating them in the Reflection-mode.

No matter what value this variable has, whenever The Ge-
ometrician is unable to produce an action, an impasse is de-
clared and the system enters to Reflection.

3.1 Engagement

During Engagement the system employs the current CP as
cue to probe memory and retrieve actions to solve the prob-
lem.

The Geometrician follows three search strategies. The first,
called exact-strategy, tries to match an atom in memory iden-
tical to the CP, i.e. they are composed by exactly the same
elements (the same type of objects and relations).

The second search strategy, called inclusive-strategy, con-
sists of searching memory for atoms similar to the CP such
that contains most of the CP as part of its organization.

The third search strategy, called dynamic-strategy, consists
of eliminating some elements from the CP and triggering a
new search in memory. The logic behind this strategy is that
as long as the essential features of the CP are conserved, the
system is able to retrieve logical actions to solve the problem.

The process for retrieving possible next actions from mem-
ory works as follows:

1. The CP represents the current state of the problem in
progress.

2. The Geometrician searches memory applying the exact-
strategy.

3. If no structure is matched; The Geometrician applies the
inclusive-strategy.

4. If no structure is matched and the system has not em-
ployed the third search strategy yet, it eliminates some
elements from the CP and goes back to step 2. Other-
wise an impasse is declared.

These search strategies provide the system with an impor-
tant flexibility during the retrieval process.

3.2 Reflection

During Reflection the system performs two main processes: it
verifies that preconditions of the retrieved actions are fulfilled
and breaks impasses.

Action’s preconditions are not verified during Engagement,
therefore, sequences of not coherent actions might be pro-
duced. During Reflection, if an unsatisfied precondition is
found The Geometrician inserts those actions necessary to
build the geometric objects needed to satisfy the precondi-
tions.

The Geometrician breaks impasses with the help of three
heuristics. The first determines if it is possible to build new
geometric objects: if all the preconditions of an unknown ob-
ject X are known objects and there is no unsatisfied relations
in which X participates, then X can be constructed. The sec-
ond heuristic atempts to merge two or more actions in the
solution in progress. Two actions can be merged if their con-
sequences independently build a point P on object X;; in this
way, the new merged action has as consequence the construc-
tion of a point P on N {X;} (the intersection of all the objects
X;). The third heuristic looks in the CP for Unsatisfied rela-
tions that can be satisfied by a Self-Generated Action (see
below). The goal of these heuristics is to modify the CP in
order to switch to Engagement and then try again to match an
atom in memory. If the impasse cannot be broken the system
declares itself unable to solve the problem.

Self-Generated Actions (SGA)

The Geometrician makes use of a special kind of actions
called Self-generated actions. SGA groups sequences of ac-
tions into a single command. In this way, the steps performed
by The Geometrician to solve a problem can become a new
action into the system.

For example, The Geometrician does not know how to re-
flect a point through a line, but the user can ask the system
to solve a problem whose goal is to construct a point that
has to meet all the conditions of the reflect of another point
through a line. Once the system sorts it out, the user can in-
dicate The Geometrician to generate a SGA establishing that
the constructed point is known as the reflect of the given point
through the given line. Now, the program can use this new
SGA (reflect) as another action to solve new problems.

3.3 Interaction between E & R modes

The program starts producing actions in the Engagement-
mode. Once the system triggers an engagement-reflection cy-
cle, it only stops when:

1. The lists of unknown objects and unsatisfied relations of
the CP are empty.

2. An unbreakable impasse is declared.
3. An action’s precondition cannot be satisfied.



After the engagement-reflection cycle ends, The Geometri-
cian performs a final analysis. Its purpose is to try to produce
a shorter solution. The Geometrician accomplishes this with
the use of the second heuristic used to break impasses.

The last step is to print the final solution.

4 Examples

The Geometrician is able to solve new problems, i.e. prob-
lems different to the problems for which the system knows a
solution.

In a series of experiments The Geometrician was provided
with solutions to the following problems:

Problem 1 Given a point A and distance d, construct a point
B such that | AB| = d (the distance between points A and B
is equal to d).

Problem 2 Given the line [, construct a point P on .

Problem 3 Given two known points A and B, build a dis-
tance d.

The solutions of this problems are very short. For example,
solution to problem 1 has only two actions:

Action A
circle C(4, d) Draw acircle C with center
A and radius d.

satisfies: B € C Point B ison C.

Action B
point B (C) on
satisfies: [AB| =d
move: B,|AB|

Draw point B on C.

In this way [AB| = d and
point B and distance [AB|
are known objects.

Let us see how this solution is used to build knowledge
structures in memory: the inital CP of problem 1 is the CP A

Then, action B is executed, thus the CP B is modified ob-
taining CP C.

CpPC
Known Objects Satisfied Relations
point A BeC
distance d r=d
circle C(4, d)

point B(C') on
distance r(A, B)
Unknown Objects

Unsatisfied Relations

Since the lists of unknown objects and unsatisfied relations
of the CP C are empty, the problem is solved.

With this previous experience The Geometrician is able to
solve problems 4, 5, 6 and 7 among other problems.

Problem 4 (Reflect of a point through a line) Given points
A and B on line [ and point C' not on line {, draw a point P
different to C such that |[AP| = |AC| and [BP| = |BC|.

Problem 5 Given a line {, a point A on [ and any point P.
Draw a point B on [ such that | BP| = |AP)|.

Problem 6 Given the distance d and points A and B, con-
struct a point C such that [AC| = |BC| = d.

Problem 7 (perpendicular line) Given a line [ and a point
D not on [, draw a line m through points D and D’ (the
reflection of D through [).

In order to generate a solution for problem 4, The Geome-
trician first takes de initial CP of his problem (CP 4) and then
enters to the Engagement-mode.

CPA

Known Objects

Satisfied Relations

point A
distance d

Unknown Objects

Unsatisfied Relations

point B
distance (A, B)

r=d

This CP is copied into memory, becoming an atom, and

action A becomes one of its associated actions.

After executing action A, their consequences modifies CP

A to obtain CP B.

CP1
Known Objects Satisfied Relations
line Ael
point A Bel
point B Cé¢l
point C

distance d(A, C)
distance e(B, C)

Unknown Objects

Unsatisfied Relations

point P
distance d'(A, P)
distance ¢’(B.P)

P#C
d=d
e =e

To produce a first action, the system tries to match atoms

CPB
Known Objects Satisfied Relations
point A BeC
distance d
circle C(A, d)
Unknown Objects | Unsatisfied Relations
point B r=d
distance (A, B)

Now CP B is copied into memory as an atom and action B

becomes one of its associated actions.

in memory applying the exact-strategy without success. Then
the system employs the inclusive-strategy and again it is un-
able to match atoms in memory. Then The Geometrician ap-
plies the dynamic-startegy in which produces (by deleting el-
ements in the CP 4) the following three alternative structures
(AS) to match atoms:

AS1.1

Known Objects
point C
Unknown Objects
point P

Satisfied Relations

Unsatisfied Relations
P#C




AS 1.2

Known Objects
point A
point C'
distance d(A, C)
Unknown Objects
point P
distance d'(A, P)

Satisfied Relations

Unsatisfied Relations
d=d

AS13

Known Objects
point B
point C'
distance e(B, C)
Unknown Objects
point P
distance ¢/(B, P)

Satisfied Relations

Unsatisfied Relations
e =e

Now the system launches a search for each of these AS and
finds that AS 1.2 and AS 1.3 are similar to atom CP A, which
is associated to action A, so the system retrieves the action A
two times as possible action to perform next:

Action iii
circle W (A, d)
satisfies: P ¢ W

Action iv
circle K (B, e)
satisfies: P € K

Finally, from these two actions, action iv is randomly se-
lected to become the first action to solve the problem:

Action 1

circle K (B, e) Draw circle K with center
B and radius | BC|.
satisfies: P € K Point P is on circle K.
During Engagement another 2 actions are produced in a

similar way:

Action 2

circle W (A, d) Draw circle W with center
A and radius |AC)|.
satisfies: P €¢ W Point P is on circle W.

Action 3

Action 4
point P(K) on
satisfies: e’ = e
move: P.e’

Draw point P on circle K.
In this way | BP| = |BC|
and point P and distance

point P(W) select
satisfies: d' = d
move: P,d’

Draw point P on circle .
In this way [AP| = [AC|
and point P and distance
| AP| are known objects.

Then the system enters to the Reflection-mode where pre-

conditions of actions are verified.

In this case all pre-

conditions are satisfied. Now the program returns to the
Engagement-mode to produce more actions:

| BP| are known objects.

After producing action 4, the program cannot produce
more actions so an impasse is declared, switching to the
Reflection-mode. In the Reflection-mode preconditions of ac-
tion 4 are verified. Since all of them are fulfilled, the system
tries to break the impasse. This is accomplished with the use
of the second heuristic to break impasses which produces ac-
tion 5 to substitute actions 3 and 4.

Action 5
point P (K, W) intersec- | Draw point P on the in-
tion tersection of circles K and
w

In this way |AP| = |AC],
[BP| ~ |BC), P £ C
and distances |AP| and
| BP| are known objects.

satisfies: d' = d, e’ = e,
P#C
move: d’,e’

After performing action 5, the lists of unknown objects
and unsatisfied relations in the CP are empty so the problem
is solved. In this way the solution to problem 4 is composed
by actions 1, 2 and 5.

As we can see, The Geometrician solves problems by
means of the interaction between the engagement and reflec-
tion modes and thanks to knowledge embodied in the previ-
ous experience. Previous experience determines which prob-
lems can be solved by the system.

5 Evaluation

The Geometrician’s solutions were evaluated by means of an
Internet questionnaire. Twenty six subjects answered it: 24 of
them were Mexicans, 1 from U.S.A. and 1 from Roumania.
Of them 42% were undergraduates, 58% were graduates and
38% possesed postgraduate degrees.

The questionnaire included solutions to problems 4 and 5.
For each problem it was provided a solution by The Geome-
trician, a solution by an expert and at least two solutions by
children 10 years old. For each solution the subjects were
asked to:

1. evaluate if the solution was correct.

2. indicate if the problem was solved by a beginner or by
an expert.

3. indicate the age of the person that solved the problem.

It was hypothesized that solutions proposed by The Geo-
metrician would have lower rates than the solutions proposed
by an expert and similar rates to the solutions proposed by
children. The results are shown in tables 1 and 2.

The Geometrician solutions obtained higher values than
the best child solution; compared to the expert solutions, The
Geometrician got lower values in correctness, but higher val-
ues for expertise and age.



Solution by is correct? | isan expert? | age
The Geometrician | 79.31% 96.55% 17.76
an expert 96.77% 61.29% 13.58
a child 67.74% 29.03% 13.61

Table 1: Results of the evaluation to solutions to problem
4.

Solution by is correct? | isan expert? | age
The Geometrician | 76.92% 96.15% 17.23
an expert 96.15% 80.77% 15.69
a child 46.15% 0% 12.92

Table 2: Results of the evaluation to solutions to problem
5.

Evaluation of Creativity

We consider The Geometrician creative if it is capable to
solve novel problems. To evaluate the novelty of the prob-
lems, the unknown objects and unsatisfied relations of the
problems solved by The Geometrician are compared with
those of the problems for which the system knows its solu-
tion. Table 3 shows this comparison. As can be observed,
The Geometrician is capable of solving novel problems.

Problem unk. objects uns. relations
Problem 1* | point B di=d
distance d (4, B)
Problem 2* | point A Ael
Problem 3* | distance d
Problem 4 | point P di=d
distance d1 (A, P) | e;1 =e¢
distance e;(B,P) | C # P
Problem5 | point B Bel
distance e(B,P) | e=d
Problem 6 | point C' dy=d
distance d,(A4,C) | da =d
distance d» (B, C)
Problem 7 | point D’ D’ is the
line m(D, D") reflect of D
through line [

Table 3: Unknown objects and unsatisfied relations in the
previous experience* and in the problems that The Geo-
metrician solves.

6 Conclusions

The Geometrician is capable to solve novel problems by
means of the interaction between the Engagement & Reflec-
tion modes. This shows that the Engagement-Reflection com-
puter model of creativity can be applied in problem solving.
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